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In phase unwrapping residues are points of locally inconsistent phase that occur within a wrapped phase map
which are usually regarded as being problematic for phase unwrapping algorithms. Real phase maps typically
contain a number of residues that are approximately proportional to the subsequent difficulty in unwrapping the
phase distribution. This paper suggests the radical use of the discrete Fourier transform to actually increase the
number of residues in 2D phase-wrapped images that contain discontinuities. Many of the additional residues that
are artificially generated by this method are located on these discontinuities. For example, in fringe projection
systems, such phase discontinuities may come from physical discontinuity between different parts of the object, or
by shadows cast by the object. The suggested technique can improve the performance of path independent phase
unwrapping algorithms because these extra residues simplify the process of setting the branch cuts in the wrapped
image based on the distance to the nearest residue. The generated residues can also be used to construct more
reliable quality maps and masks. The paper includes an initial analysis upon simulated phase maps and goes on to
verify the results on a real experimental wrapped phase distribution.
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1. INTRODUCTION

Many signal recovery methods yield phase values that are
constrained to their principal values. These are called the wrapped
phase, and the process of recovering a continuous form is called phase
unwrapping [1].

In many real world applications that measure the phase of a signal,
phase unwrapping is an essential task. Some examples are MRI [2], [3],
synthetic aperture radar (SAR) [4], [5], and interferometry [6]. The
difficulty of the problem has resulted in a large number of attempts to
reach acceptable solutions and hundreds of algorithms have been
proposed and published. Most of these techniques can be classified into
three categories: 1) path independent methods that set branch cuts to
prevent the unwrapping path from crossing discontinuities, noisy
areas and under-sampled regions [7], [8], [9]; 2) path dependent
methods that use quality maps [10]; and 3) minimum norm methods
(1], [11].

The presence of residues has been commonly associated with the
existence of local inconsistencies in the phase map. Hence, they are
used by some of the most effective 2D and 3D unwrapping methods to
devise a path that avoids entering/crossing areas of poor quality
wrapped phase. In the branch cut methods, the network of branch cuts
is computed by using straight lines to join together pairs of positive and
negative residues. In the quality guided methods, the distance to the
nearest residue can also be used to yield a quality map of the original

phase signal. This map is used to guide the construction of a minimum
spanning tree that defines the unwrapping path [7].

Given that residues are indicators of poor quality regions of the
phase signal, then it may be hypothesized that increasing the number
of them might help in detecting and evading inconsistent phase areas.
In branch-cut methods, this increase in the number of residues will
reduce the distances between them, and thus simplify the process of
setting branch cuts. In quality-based methods, residue density can be
used as an estimator for the noise level of the wrapped phase map.
This helps to determine noisy regions and unwrapping strategies here
aim to unwrap the phase map by starting from areas that are less
noisy, thus having the highest phase quality, as suggested in [12].

In this paper, we propose a method that uses the Fourier transform
to artificially alter the location and/or the number of phase wraps in
the original phase map. The purpose is to discover new residues that
can be used to improve unwrapping results. One major advantage of
the method is that it integrates seamlessly with existing phase
unwrapping algorithms as a pre-processing step.

2. THE ALGORITHM

The following example explains the proposed algorithm.
Consider the computer-generated spiral shape ¢(x, y), which is
shown in Fig. 1(a) as a 3D surface and displayed in Fig. 1(b) as a
visual intensity array [1]. This shape has the size of 257x257
pixels. Fig 1(c) shows the corresponding wrapped phase



signal ¢, (x,y), which has been obtained using (1) [1].

ow(x,y) = Wlp(x,y)]
= arctan2[sin(¢(x,y)), cos(p(x,y))] €))

Where arctan2[.] the four quadrant arctangent is function
and W/.] is the phase wrapping operator. There are about 42
pixels per cycle in this example. We refer to a cycle as the
number of pixels between two consecutive wraps (21 jumps).
Hence the spatial frequency f, = 1/42.

The resultant wrapped phase values have a range of [-m, m[.
This simulated wrapped phase image is considered to pose a
challenging unwrapping task, since it contains significant phase
discontinuities [1], [13].

Residues correspond to local inconsistencies in the phase
map, and are detected on every 2x2 closed path in the wrapped
phase map. Residues may have the values of -1, 0 or +1 [1]. A
zero value indicates the absence of a residue. Values of +1 and -
1 indicate the presence of a residue with positive or negative
polarity, respectively. Fig. 1(d) shows the location of residues in
the wrapped phase map. White dots are used for residues with
a positive polarity; whereas black dots represent negative
polarity residues. There are a total of 48 residues in this
simulated example and they are all located upon phase
discontinuities within the wrapped phase map, as shown in Fig.
1(e). These residues can be used to place branch cuts that are
used as barriers to prohibit the phase unwrapping path from
passing through them. The ideal branch cut for the wrapped
phase map has been drawn manually here indicated as a solid
line and this is shown in Fig. 1(f). Branch-cut phase unwrapping
algorithms aim is to generate this branch cut placement
automatically.

The following equations convert the wrapped phase map into
the complex array ¢,,.(x,y) [14].

Pwe(x,y) = expljpw (x,y)] (2)

Where j =+/—1. The 2D Fourier transform of ¢,,.(x,y) is
calculated as shown in (3).

®(u,v) = [F[(ch(x, y)] (3)

Where F[.] is the 2D Fourier transform operator, and the
terms u and v are the vertical and horizontal frequencies
respectively. The 2D Fourier transform of the wrapped phase
map shown in Fig. 1(c) is calculated using (2) and (3). The
magnitude of the Fourier transform is shown in Fig. 1(g). The
peak in the frequency domain is located at the frequencies
v, =6 =~ 257/42andu, =0.

The location and number of phase wraps can be changed
using the Fourier transform as follows. First, the 2D Fourier
transform of the wrapped phase map needs to be shifted in the
frequency domain by u, and v,. Both values can be chosen
arbitrary. Then the inversed 2D Fourier transform F~1[.] is
calculated to produce a second wrapped phase map.

Pues(x,y) = IF_l[CI)(u —Up ¥V — V)] (4)

After this, a new wrapped phase map can be generated by
using (5) and the arctan2(a, b) function.

a= N[y (x,y)] (5a)
b= 7[(chs(x, y)] (Sb)

Where J[.] represents the imaginary part, and 9[.]
represents the real part of the complex array ¢,,.(x,y). The
new phase map generated contains a new set of residues in
addition to some of the ones that were detected in the original
wrapped phase map.

Fig. 1(h) shows the shifted Fourier transform ®(u — u,, v —
v,) using the frequency shift values u, = 20 and v, = 20. The
new wrapped phase map is then calculated using (4), (5) and
the arctan2[.] function. The resultant wrapped phase map
image is shown in Fig. 1(i). The residues for this image are
calculated and are shown in Fig. 1(j). This process has almost
tripled the number of residues in the wrapped phase map, as
there are now 143 residues present which are also positioned
along the phase discontinuities as shown in Fig. 1(k). In
addition, most of these residues are actually different from the
original ones that were shown in Fig. 1(d) and only 27 of these
residues are located at the original positions. A combination of
both residues’ images, shown in Figs. 1(d) and 1(j) respectively,
yields a new residues’ image that contains 164 residues.

The newly artificially added residues can be used to
construct quality maps or branch cuts or mask, which may then
be used to help in unwrapping the original wrapped phase
distribution shown in Fig. 1(c).

The wrapped phase map shown in Fig 1(c) was unwrapped
using Flynn’s algorithm [15] which uses pseudo variance as a
quality map [1]. The resultant unwrapped phase map is shown
in Figs 1(1) and 1(m). The mathematical difference between the
spiral object and the unwrapped phase is shown in Figs. 1(n)
and 1(o) in radians. Comparing the continuous spiral object
shown in Figs. 1(a) and 1(b) with the unwrapped phase reveals
that Flynn’s algorithm failed to adequately process the wrapped
phase.

The above simulation was subsequently repeated, but this
time incorporating the residues generated using the suggested
algorithm, shown in Fig. 1(j), are used as a mask that is
provided to Flynn’s algorithm. The unwrapped phase map is
shown in Figs. 1(p) and 1(q). The mathematical difference
between the spiral object and the unwrapped phase is shown in
Figs. 1(r) and 1(s) in radians. Comparing the continuous object
shown in Figs. 1(a) and 1(b) with the resultant unwrapped
phase reveals that Flynn’s algorithm has now partially
succeeded in processing the wrapped phase map.

Computer simulation is used to evaluate the effect of noise
on the proposed method. White noise with a variance of 0.25 is
added to the continuous object shown in Fig. 1(a) and then it is
wrapped using (1). The resultant wrapped phase map is shown
in Fig. 2(a). The residues for this wrapped phase map are
shown in Fig. 2(b) and the number of residues is increased to
56. This phase map is unwrapped using Flynn algorithm that
uses derivative variance quality map [1]. The unwrapped phase
map is shown in Figs. 2(c) and 2(d), and they show that Flynn
algorithm has failed to unwrap this image. The mathematical
difference between the spiral object and the unwrapped phase
is shown in Figs. 2(e) and 2(f) in radians.

The above simulation is repeated for the noisy wrapped
phase map using the proposed algorithm with the frequency
shift values u, = 20 and v, = 20. The resultant wrapped phase
map is shown in Fig. 2(g). The residues for this phase map are
shown in Fig. 2(h) and the number of residues is increased to
149. Notice that all residues are located on the phase
discontinuity.
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Fig. 1. The process of increasing the number of residues is shown using a simulated wrapped phase map.

The wrapped phase map shown in Fig. 2(a) is unwrapped
using Flynn algorithm that uses derivative variance quality
map. The residues shown in Fig. 2(h) are used as a mask by
Flynn algorithm. The unwrapped phase map is shown in Figs.
2(i) and 2(j), and they show that Flynn algorithm has succeeded
partially in unwrapping this image. The mathematical
difference between the spiral object and the unwrapped phase
is shown in Figs. 2(k) and 2(1) in radians.

In a second example, white noise with a variance of 1 is
added to the continuous object shown in Fig. 1(a) and then it is
wrapped using (1). The resultant wrapped phase map is shown
in Fig. 2(m). This noisy wrapped phase map is processed using
the proposed algorithm using (1) to (5) with u, = 50, v, = 50.
The resultant residues are shown in Fig. 2(n). All the 385
residues are located on the discontinuity and they can be used
to aid in the unwrapping process.

In a third example, noise with a variance of 3 is added to the
continuous object shown in Fig. 1(a) and then it is wrapped
using (1). The resultant wrapped phase map is shown in Fig.
2(0). This very noisy wrapped phase map is processed using
the proposed algorithm using (1) to (5) with u, = 20, v, = 20.
The resultant residues are shown in Fig. 2(p) and they are
distributed randomly in the image. These residues cannot be
used to detect phase discontinuities and should not be used to
aid in the unwrapping process.

The effect of changing the horizontal frequency shift u, and
the vertical frequency shift v, on the number of residues is
shown in Fig. 2(q) as a 3D plot. Also, the effect of changing the
horizontal frequency shift u, and the variance of the added
white noise ¢ on the number of residues is shown in Fig. 2(r)
as a 3D plot. Additionally, the effect of changing the vertical
frequency shift v, and the variance of the added white noise on
the number of residues is shown in Fig. 2(s) as a 3D plot. These
three figures show that increasingu,, v,and &2 result in
increasing the number of residues.

As a rule of thumb, the proposed algorithm is useful to aid
unwrapping phase maps with moderate noise levels (ie,
0? < 1). Also, the frequency shift should not exceed quarter the
image size (e.g., u, and v, are smaller than 64 for the image
shown in Fig. 1(c)).

The noise performance of phase unwrapping algorithms may
decline as the number of samples per cycle (e.g, fringe)
decreases [16]. This is indicated, for the proposed algorithm, in
Figs. 2(r) and 2(s) where the number of noise-induced residues
increases rapidly with the increase of the frequency shifts in
both u or v directions. This makes the proposed algorithm not
suitable to process noisy wrapped phase maps with large
spatial frequencies (e.g., f, > 0.1).
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Fig. 2. Evaluating the noise performance of the proposed method.

variance as a quality map [1]. The resultant unwrapped phase

The wvalidity of the algorithm has also been shown map is shown in Fig. 3(i).
experimentally. Figs. 3(a) to 3(d) show four real fringe patterns The above experiment was repeated, but this time using the
captured with a phase shift of /2 between each of the increased number of residues generated by the proposed
successive images. The phase in these fringe patterns may be algorithm, which are shown in Fig. 3(h). These residues are
subsequently extracted using the well-known four-frame phase used as a mask that is provided to guide the Goldstein
stepping algorithm, using (6) [17]. algorithm. The resulting unwrapped phase map produced by
this method is shown in Fig. 3(j). Comparing both unwrapped

Il(x,y)—ls(x,y)) (6) phase maps in Figs 3(i) and 3(j) reveals that using the
L(xy)-I(x.y) generated residues as a mask has considerably improved the
performance of the Goldstein algorithm.

¢y (x,y) = arctan2 (

Where I, (x, y) refers to the fringe pattern shown in Fig. 3(a), It is not guaranteed that quality guided phase unwrapping
I,(x,y) refers to the fringe pattern shown in Fig. 3(b), and so algorithms converge to a unique solution, but they have been
on. The extracted wrapped phase distribution is shown in Fig. found to be reliable in practical applications [1]. This also is
3(e). The residues for this wrapped phase map are calculated applied to the suggested algorithm in this paper. Conversely,
using (3) and are shown in Fig. 3(f). global phase unwrapping algorithms, such as minimum Lr norm

The Fourier transform @ (u, v) for this wrapped phase map is methods can converge to a solution [1].

calculated using (2) and (3); and then the frequency is shifted
using the values u, = 30 and v, = 20. The new wrapped phase

map @,,cs(x,y) is calculated using (4) and (5) and the resultant 3. CONCLUSION

phase image is shown in Fig. 3(g). The residues for this This paper suggests a new method to increase the number of

wrapped phase map are calculated and are shown in Fig. 3(h). residues in a wrapped phase map. The technique can be used as
It evident that the proposed algorithm has generated a set of a pre-processing step and integrated into existing methods that

new residues that are located along the phase discontinuities. use either the location of residues to build branch cuts and/or
The wrapped phase map shown in Fig. 3(e) was unwrapped the residue density to estimate phase noise/quality.

using the Goldstein algorithm [7] that uses phase derivative
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Fig. 3. The process of increasing the number of phase
residues shown using a real experimental wrapped phase
map.
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