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Convergence analysis of finite element approximations for a nonlinear
second order hyperbolic optimal control problems

Huanhuan Li, Meiling Ding, Xianbing Luo * and Shuwen Xiang
School of Mathematics and Statistics, Guizhou University, Guiyang 550025, China.
* Correspondence: Email: xbluol @gzu.edu.cn.

Abstract: This paper focused on approximating a second-order nonlinear hyperbolic optimal control
problem. By introducing a new variable, the hyperbolic equation was converted into two parabolic
equations. A second-order fully discrete scheme was obtained by combining the Crank-Nicolson
formula with the finite element method. The error estimation for this scheme was derived utilizing
the second-order sufficient optimality condition and auxiliary problems. To validate the effectiveness
of the fully discrete scheme, a numerical example was presented.

Keywords: second order hyperbolic equation; optimal control; finite element method; a priori error
estimates

1. Introduction

The optimal control problems (OCPs) of partial differential equations have been extensively
studied in numerous fields of science and engineering applications, including fluid mechanics, earth
science, petroleum engineering, telecommunication, etc., (see [1-3]). In the past few decades,
scholars have conducted extensive research on OCPs (see [4-6]). From the perspective of control
types, there is distributed control and boundary control (see [7-9]). With respect to the types of state
equations, there are elliptic equations, parabolic equations, and second-order hyperbolic equations
(SOHEs) [10]. Among the common numerical discretization schemes, there are finite element
methods (FEM) [11], mixed element methods (MFVM) [12], and finite volume methods (FVM) [13] .
In terms of handling optimization problems, there are two approaches: optimize-then-discretize and
discretize-then-optimize [14].

The OCPs constrained by SOHEs is an active area of research, attracting significant attention from
numerous scholars. Gugat et al. in [15] proposed a valid method based on Lavrentiev regularization
and obtained a result similar to the penalty function method for second-order hyperbolic optimal
control problems (SOHOCPs) with state constraint. Kroner in [16] used the space-time FEM to
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discretize SOHOCPs and derived a posteriori error estimates, which separately considers the
influence of space, time, and control. In [17], Kroner et al. analyzed the convergence of three types of
controls constrained by wave equations utilizing the semismooth Newton method, and numerically
implemented the solution in conjunction with the space-time FEM. Lu et al. derived a priori error
estimates using the mixed finite element method for a general SOHOCPs in [18]. Luo et al. in [19,20]
studied linear SOHOCPs using the FVM and obtained priori error estimates for the Euler and
Crank-Nicolson schemes. Lu et al. in [21] used the FVM to study nonlinear SOHOCPs and obtained
optimal error estimates for a semi-discrete system. Li et al. in [22] used the FEM and variational
discretization approach to investigate linear SOHOCPs by introducing an intermediate variable and
obtained optimal priori error estimates.
Inspired by [21,22], we consider the following nonlinear SOHOCPs:

. 1 ) a (T 5
min J(y,u) = < [y — yal"dxdt + < |u|“dxdt, (1.1)
uelad 2Jo Ja 2Jo Ja

Vi —div(AVy) + ¢(y) = f+ Bu, x€Q,t€(0,T),
y(x,t) =0, xe€dQ,te(0,7), (1.2)
y(x,0) = yo(x), yi(x,0) = g(x), x€Q,

such that

where Q C R? is a bounded convex polygon domain with boundary dQ. « is a positive number. 7 > 0
is a constant. f,y; € L*(0,T;L*(Q)) are given functions. ¢(y) is a nonlinear function that satisfies
¢(-) € C?. Forany R > 0 and y € H'(Q), the function ¢(-) € W*>*(-R,R), ¢'(-) € L*(Q), and
() = 0. A = (a;;()ax2 € (W'(Q))*? is symmetric and uniformly positive definite, i.e., for any
X € R?, there exist two positive constants Cy, C, such that

0<CiXTX <XTA(X)X < C,XTX < +00,¥x € Q.
B: L*(0,T; L*(Q)) — L*0, T; L*(Q)) is a bounded linear operator. The space U, is defined by
Uu = {u € L*(0,T; LX(Q)) : uy < u(x,t) < up, a.e. in Qx(0,T]}.

In this work, by introducing a new variable, we transform the hyperbolic equation into two parabolic
equations. For the SOHOCPs (1.1) and (1.2), we obtain the continuous first-order necessary condition
(FNC) and the second-order sufficient optimality condition (SSC). Using the discretize-then-optimize
procedure, we derive the discrete optimality condition for the fully discrete scheme. Based on these,
we obtain some optimal error estimates.

The paper is organized as follows. We give some notations in Section 2. In Section 3, we derive the
first and second-order optimality conditions. The Crank-Nicolson finite element approximation and a
priori error estimates are presented in Section 4. In Section 5, a numerical experiment is presented to
confirm the validity of the proposed numerical scheme.

After this, C represents different positive constants in different places, each of which is independent
of h and At.

Networks and Heterogeneous Media Volume 19, Issue 2, 842—-866.
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2. Preliminary

Here, we first introduce some notations. W"?(£2) is a standard Sobolev space with norm || - ||ymr(q).
W(Q) = H'(Q) with norm || - [|;, and H)(Q) = {v € H'(Q) : v|dQ = 0}. LX(Q) denotes a k-squared
integrable function space in region Q with norm || - ||. The norm of L*(Q) is denoted by || - [lo.u. We
denote by L¥(0, T; W™P(Q)) the Banach space of all L* ilntegrable functions from (0, T') into W"™P(Q)

with norm [|v|| xwmey = [Vl k0. 7wmr)) = ( fo |v||Wm ,,(Q)) for k € [1, 00) and the standard modification
for k = oo.

For a positive integer N, define time step size At by Ar = % Forn = 0,1,..,.N — 1, " = nAt,
"= [ 1. write
§n+l _ é'n {" é«n+l

At At
and Q = Q x (0, T]. For any given sequence {{’ "},11”: o> ¢" = {(x, ") for the function {(x, r) defined in Q.
For 1 < g < o0, a discrete time-dependent norm is given by

d[§n+1 — cz[é«n+1

[Wllaqwmey = [V, r;wmey = (Z Atllv" ||me] )

and the standard modification for g = co, where
HW™P) == {v : |ulluo,r;wmry) < oo}

The inner product is noted by

(vy,10) = fvlvzdx, Yu, vy € Lz(Q).

Q

For convenience, we take A to be the identity matrix and write
a(vy,vy) = fAVUl -Vudx = (Vuy, V), Yy, v, € Hé(Q).
Q

It is obvious that
2 1
a(v,v) 2 ci|lly,  la(ui, vo)l < oolluillillvalli, Y, vi, vz € Hy(Q).

Let 7, be a quasi-uniform triangulation of €, hx denotes the diameter of element K, and h =
maxger, {hk}. The space V), associated with 77, is defined by

Vi, := {wlvi, € C(Q), vilk € Pi(K), VYK € T},

where P(K) denotes the polynomials space with the degree being no more than one on K € 77,.
We consider the following piecewise constant finite element space

Up = {u, € L*(0,T; Q) : uplx is constant, VK € T3},

Networks and Heterogeneous Media Volume 19, Issue 2, 842-866.
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which is a finite dimensional subspace of U,,.
For any i € U, we define the orthogonal projection operator I1, : U — U, such that

Wy pt =) =0, Ywy, € Uy, (2.1)

By the definition of Eq (2.1), we have

1
Myulx = K| fll, VK € Th, (2.2)
K

where |K]| is the measure of K. For the operator I, defined in Eq (2.1), we have
lu = Mylop.x < Chlulypxs (2.3)

forallye Wh(Q)and 1 < p < oo (see [23]).
For t € (0, T], define L? projection R,u(t) € V), for u(t) € V by

(v(r) — th(t), V) = 0, Vv, €V, (24)

Asin [24], for 1 < r < 2, the R,u() satisfies

Il = Ruv(D)lle) + Allv = Ruv@llean < CH Il (2.5)
v — Ryu(d)) (v — Ryu(d)) .
“a—th””(”) + hll(a—lhllu(m) < CH (Wl arr)- (2.6)

3. Optimality conditions

In this section, we first give the weak form of the state equation (1.2) as: We seek y(-, 1) € Hé(Q)
such that

{ it v) + (Vy, V) + (6(3), v) = (f + Bu,v), Vv € Hy(Q),1 € (0,T1, 3.1)
y(x,0) = yo(x), w(x,0)=g(x), x€Q. '
Next, we introduce a new variable w = y,, then the problem (1.1) and (1.2) can be written as
1 (T a (T
min J(y,u) = = f f ly — yal*dxdt + = f f |ul*dxdt, (3.2)
u€Uad 2Jo Ja 2Jo Ja
subject to
(w,v) = (y,v), Vv e Hy(Q), 1€ (0,T],
(W, v) + (Vy, V) + (¢(3),v) = (f + Bu,v), Yve Hy(Q),1€(0,T], (3.3)
Y(x,0) = yo(x), w(x,0)=g(x), xeQ.
The problem (3.2) and (3.3) is formulated in standard reduced functional form as
min 9 (u)
{res a4

Since the problem (3.4) is non-convex, we cannot guarantee the global unique solutions of (3.4).
Therefore, we consider the local optimal solutions (see [25-27]).

Networks and Heterogeneous Media Volume 19, Issue 2, 842-866.



846

Definition 3.1. (Local solution [28]). The control u € U, is called a local solution of the problem
(3.4) if for each fixed t € [0, T, there exists a constant t > 0, such that for all u € U,; with |lu — || <,
it satisfies

Jw) = J@). (3.5

For the problem (3.4), the existence of the local solution can be guaranteed in [10]. Next, we can
derive the following FNC for the local solution i.

Theorem 3.1. If i1 is a local optimal control for the problem (3.4), then there exists a set of functions
(w(), y(1), u(t), q(1), p(t)) € (H'(LHNL*(HY) X (H> (L) NL2(H")) X U g X (HY(LY)NL>(HY))x (H*(L*) N
L*(H"Y)) such that

(@,v1) = (i, v1),  Yvi € Hy(Q),1 € (0,T],
(Wi, v2) + (Vy, Vv2) + (¢(), v2) = (f + Bit,v2), Vo € Hy(E),1 € (0, T, (3.6)
y(x,0) = yo(x), w(x,0) =g(x), x€eQ,

(g,v1) = (p,v1), Vv € Hé(Q), te(0,T],
(g1 v2) + (Vq, Vv2) + (¢’ ()P, v2) = ( = yas v2),  Yvp € Hy(Q),1€ (0, T, (3.7)

p(x,T)=0, gx,T)=0, x¢€Q,
T
f (it + B'p, v—i)dt >0, Vve Uy, (3.8)
0

where B* is the adjoint operator of B.

Proof. Applying the variational rule, the optimal condition reads

T T
J'()(v—n)= f Y = Ya, Day(v — n))dt + af (u,v —u)dt > 0, (3.9)
0 0

where

y+ 1y — ) - y@)
t

Diuy(v —it) = lim
t—0

Next, differentiating the state equation (3.6) at # in the direction o, we have

(' Day(0),v1) = (Day(©0)rs v1)s (3.10)
(; Day(0), v2) + (VDy(0)), Vv2) + ¢' () Day(0), v2) = (Bo, va), (3.11)
Diy(e)t =0) =0, ' Dyy()(t=0)=0. (3.12)

Defining the co-state (p, q) satisfying Eq (3.7), and letting v; = @’ D;y(0), v2 = D;y(0) in Eq (3.7), we
can obtain

(¢, ' Day(0)) = (pr, ' Dyy(0)), (3.13)

Networks and Heterogeneous Media Volume 19, Issue 2, 842-866.
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(@1, Diy(©) + (Vp, VDiy(0)) + (¢’ )p, Day(0)) = (v = ya, Diy(0)), (3.14)

Meanwhile, letting v; = ¢ in Eq (3.10) and v, = p in Eq (3.11), we get

(' Diy(0), q) = (Diy(0)s, Qs (3.15)
(W, Dzy(0), p) + (VD:iy(0), Vp) + (¢’ () Day(0), p) = (Bo, p). (3.16)

Since W' D;y(e)(t = 0) = 0, Dzy(e)(t = 0) =0, ¢(T) =0, p(T) = 0, integrating by parts and a direct
calculation, we can yield

T T T
fo (Day(0)i, @)dt = Day(0)qly — fo (Day(0), g)dt = — fo (Day(0), g,)dt, 3.17)

T T T
f (W, Diy(0), p)dt = ' Dyy(0)pl) — f (' Diy(0), pdt = — f (' Diy(0), pdt. (3.18)
0 0 0
Substituting Eqs (3.17) and (3.18) into Eqgs (3.15) and (3.16), we derive

(W' Diy(0), 9) = —(Day(0), q1), (3.19)
— (W' Diy(0), pr) + (VDiy(0), V) + (¢’ () Diy(0), p) = (Bo, p), (3.20)

Combining Egs (3.19) and (3.20) with Eqgs (3.13) and (3.14) yields
(0, B*p) = (Bo, p) = (v = ya Diy(0))- (3.21)

Substituting Eq (3.21) into Eq (3.9) implies

T
J' @ —-n)= f (ait + B'p, v—iu)dt 20, VveUy. (3.22)
0

This completes the proof of Theorem 3.1. O

According to [26] and [29], we can know that for the non-convex problem (3.4), the FNC is not
sufficient. So, we need to consider the SSC:
(SSC) There exist constants ¥ > 0 and A > 0 such that

T @, v) 2 KV, 0 (3.23)
for all v € L*(0, T; L*(Q)) satisfying
=0, if lau+ B'p|>1>0,
v >0, ifii=u, (3.24)

SO, lf ﬁ:ub,

where
T v
J"@)(v,v) = fo (Day(v), Day(v))dt + fo (@) = ya» Day(v, v)dt

Networks and Heterogeneous Media Volume 19, Issue 2, 842—-866.
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T
+0zf (v, v)dt, (3.25)
0

and the notation Z)%y(v, v) is defined as follows: Let y = D;y(v). Then, its directional derivative in the

direction v, denoted as y'(v), is given by

3 + v) = 5(@)
R

Diy(v,v) = Dg5(v) = lim

More details about the notation Z)éy(v, v) can be found in [2].
Referring to [30] , we give the coercive property of the problem (3.4) in a neighborhood of the local
solution by the following lemma.

Lemma 3.1. Assume that it is a local solution of the problem (3.4) and satisfies the SSC (3.23). There
exists a sufficient small constant « > 0 such that

1" 0= K
T @, ) 2 SV, 00 (3.26)

forallu e U, with ||lu — ul| < t.
4. Crank-Nicolson scheme

In this section, we develop a fully discrete Crank-Nicolson scheme for the optimality system (3.2)—
(3.3) as follows:

N-1
el el | B el Q. pel

Ty oty = Aty [SI057 = ¥ e + Sl I g (4.1)

n=0
el 1

w, 7, v) = E(y’,;“ — V), Yy eV, (4.2)

1 n+x n+x 1 n+x

@ - W)+ WY V0 + GO = (BT Y, eV, 4.3)

W= Riyo(x), o) = Rug(x),  x€Q, (4.4)

where 6 = 6(h, At) denotes the fully discrete in space and time. We can reformulate the problem
(4.1)—(4.4) as

4.5)

1
I’H—*2
(S Uh.

u,

{mm%%%)
We also give the definition of the local solution of the discrete control problem (4.1)—(4.4).

Definition 4.1. The control ﬁz% € Uy, is called a fully discrete local solution of the problem (4.1)—(4.4)

. 1 . i . +1 ! .
if for each fixed t"*2, there exists a constant t > 0, such that for VuZ e U, with ||uZ ’— ”Z 2 <, it
satisfies

Ty > Fo@™). (4.6)

Networks and Heterogeneous Media Volume 19, Issue 2, 842-866.
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We present the first-order necessary optimality condition for problem (4.1)—(4.4) at the local

1
solution ﬁZ+2 by the following theorem.

Theorem 4.1. Assume that L_tZJr% ,n=0,1,...., N—1isalocal solution of discrete control problem (4.1)—

nil pad nel sl
(4.4), then there are state (a)h+2,yh+2) € V,, x V,, and co-state (qh+2,ph+2) eV, xV,n=0,1,..,N-1,
such that the following optimality conditions hold:

W7 y) = (y"“ L), Yvev, 4.7)
1 n
Ai — (@ = W)+ (VY V) + (@00, = (Y + B, Wve ), (4.8)
¥y = Rh}’O(x) w) = Ry,g(x), xeQ, (4.9)
’”2 V) = (p"“ —plv), Vv eV, (4.10)
n n+i n+i
_(qn+1 - qh’ V) + (Vph 2 VV) + (¢ (yh+2)p +2’ ) (yh+2 - yd+2’v)7 VV € V/’L, (411)
D Nx) =0, q, Nx) =0, x e Q. 4.12)
N-1 .
TU@ - i) = At Z((mh LBy —d )20, Vv, e U, (4.13)
n=0

1 1
Proof. Differentiate the Eq (4.5) at ﬁzh in the direction v;, — IZZ+2 , and the discrete optimal condition
reads

jﬁ(ﬁé + 1(vy, — its)) — Js(ids)
t

n n+i n+i n+i
= AIZ()’ * _yd+2’1)yh+2(vh - ﬁh+2))

TU@ )y - i) = lim

L n+d
+ aAtZ(ﬁZ+2, vy — il ?) > 0. (4.14)

n=0

1
Similarly, differentiating the Eqs (4.7) and (4.8) at ﬁZ+2 in the direction v, we have
n+i n+3 n n
(@' Dy, (1), v) = —(Z)y 1) = DY), v), (4.15)

_( (yn+l)Dyn+l(V) - w’(yZ)@yZ(v), V) + (VD}’ZJr%(V)’ Vv)

@ OHDY ). v) = (Br.v), (4.16)
DY)») =0, &' ONDYI(v) = 0. (4.17)

where

1
n+2(ﬁh i +1v) — yh+2( n+2)

t

Z)yh+2 (v) = hr%

Networks and Heterogeneous Media Volume 19, Issue 2, 842-866.
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1o sl
Choosing the discrete co-state (ps, g5) satisfying Eqs (4.10)—(4.12), and selecting v = a)’(yZJr2 )Z)thr2 )

in Eq (4.10) and v = Dy!"? (v) in Eq (4.11), we get

I1+

<q LW GIHDY () = —(p"“ P DDy (),

(q"“ — g DY () + (V) f,VDyZWv»
n+2

@O DY ) = 01 =y Dy (),

1 n 1 .
Taking v = qZ+2 in Eq (4.15) and v = ph+2 in Eq (4.16), we have

y .+l D n+d n+iy Dy Dy n+i
(@', )Dy, *().q, *) = ( v, (V) Vi (), q, °),
el nel nel
—(w GEDYI ) — W' DY), Py 2) + (VDy, > (1), Vp, ?)

F@OIHDY W), i) = By, i),

Since Dy)(v) = 0, ' (YNDy)(v) =0, p =0, g) =0, we know that

N-1
(@ DY () — o DY), Pl )
n=0
N-1 n+1
= (w 0D ) - W (DY), %)
v
=5 2, [@ 0Dy 0. bl + ) = @ OOy 0. 1 + 2]
e
E [(CL) (yn+1)Dyn+1(V), p;ll n+1) + (CL) (yn+1)z)yn+1(v) pn+1
n=0

— (@ ODNDY ), o = ) = (@ GNDY, ), P
=N2(w O DN 0. ph = P,
n=0
and
Z(Dy"“(m -~ Dy g Z(q"“ ~ gj. DY ).
Substituting Eqs (4.22) and (4.23) into Eqs (4.20) and (4.21), we obtain

W@ DY (1), 4 = - (q"“—qz, Dy (),

_ _(w (yn+l)z)yn+l(v) pn+l _ pZ) + (V@yZJrE(V),VpZJrE)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)

(4.23)

(4.24)

Networks and Heterogeneous Media Volume 19, Issue 2, 842-866.
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F@OHDY W), i) = By, ). (4.25)

Combining Eqs (4.24) and (4.25) with Eqgs (4.18) and (4.19), and summing from O to N — 1 leads to

Z AKB P2, v) = Z AU(By, 7 = Z A2 = Y2 DY (), (4.26)

Therefore, substituting Eq (4.26) into Eq (4.14), we get

N-1
T3, o = 2y = A Y ety + B py vy =) 7) 20, Y, € Uy, (4.27)
n=0
This completes the proof of Theorem 4.1. O
1
Similarly, we also provide the discrete SSC for the local solution thZJrZ as
T3, i) = kil ) Vi € Un. (4.28)
1
where «k > 0, and ftz+2 satisfies Eq (4.13). From Eq (4.1), we can get
1 Nl 1 1
) _N+>5 n+s n+s
T3y, vi) =A D Dy (), Dyly ™ ()
n=0
N-1 N-1
F A OGN =y D ) + @l Y (). (4.29)
= n=0

The following lemma shows the coercive property of the second derivative of the discrete objective
function 75 in a neighborhood of a local solution .

Lemma 4.1. Let it be a local solution of the problem (3.4) and the SSC (3.23) is valid. There exists
sufficiently small constant t > 0, and h, for all u € U,y with ||u — i|| < t and v € Uy,

144 K
Js w)(v,v) > Z”V”lzz(Lz(Q) (4.30)

holds.

4.1. Auxiliary problems

n l n l
So as to get a priori estimates, it is needed to introduce an auxiliary problem: find (w;2 (u), yh+2 (w))
eV, xV,,n=0,1,...,N — 1, such that for all v € V,

(w'ﬁz(u) V) = —(y"”(u) = (W), v), (4.31)
e (@i ) = wiw),v) + (Vy,” (), ) + (@0, L)) = (f"* + B, ), (4.32)
) = Riyo(x), wj(u) = Ryg(x), (4.33)

Networks and Heterogeneous Media Volume 19, Issue 2, 842—-866.
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ntd n+l
Another auxiliary problem: find (qh+2(u), ph+2(u)) e VyxVy,n=0,1,...,N—1, such that for all
S Vln

(6]n+2 (), v) = (p"“(u) = Py(w), ), (4.34)
(q"”(u) 3w, v) + (Vp,” (), V) + (¢ (yh+2( w)p,, (), v)

= 0w =y ), (4.35)
gy (u) =0, pY(u) =0. (4.36)

For convenience, we denote
0, = w, — wy,(u), 0;’ =y, = Y,w),n=0,1,...,N,
93 = q, — q,(w), 0;’, =p,—py(u),n=N,...,1,0.
It is clear that

=0,6)=0,6)=0, 6) =0. (4.37)

q p
Next, we describe the error caused by the control discretization using the following lemma.

Lemma 4.2. Let (ws, s, gs, Ps) and (ws(u), ys(u), gs(u), ps(u)) be the solutions of Eqs (4.7)—(4.12) and
Egs (4.31)-(4.36), respectively. Then,

llws — wa(”)”lw(m) + lys — )’J(U)||1°°(H1) < Cllus — u||12(L2(Q)), (4.38)

llgs — %(M)”lm(Lz) +lps — Pa(u)||z°°(Hl) < Cllus — M||[2(L2(Q))- (4.39)
Proof. To begin, we develop the inequality for 6, and 6,. Subtracting Eqs (4.7) and (4.8) from Eqs
(4.31) and (4.32), we derive

71 1
(9*2 V) = K(9",“ -0, v), (4.40)

1 n+ n+i 1
A—t(Hlf,” V) + (V6 V) + (@), ’) - o0, FW),v) = (B(w,, > —u""7),v). (4.41)

1 71 1 . . .
Choosing v = 6’;+2 ,V = 0w+2 as the test function in Eqgs (4.40) and (4.41), respectively, we have

1 +1 n n+2 +2 n+2
A_t(et; _ 9 )= (6, 6, ), 4.42)
1 +1 n+2 +2 n+2
E(G” g, )+ (V9 ,Va, )
=GO )W) — (D), 65T + (B — ), 6. (4.43)

Substituting Eq (4.42) into Eq (4.43), we get

+1 7 (12 +1712 2
I R A\ A A
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1
=80} )W) = G050 + B - ), 6. (4.44)
Summing up fromn = Oup to N — 1, it yields

6517 + Ve
N-1
—2AtZ(B(u"+2 — "), 6,) + 240 ) (v, W) - AR XA (4.45)
n=0

For the first term, we derive

2

2AtZ(B(un+2 — w6 <CAr [||u”+2 SRR o+ 11 |

B
=

=

n+3 n+3 7 1
<CAt Y Iy =2 (G o + O IP + D] (4.46)

n=0

For the second term, we get

2

N-1
2At2(¢(yz+i(u)) ¢(yh+2) 9+2) <CAr [”9n+2” ”9n+2” ]
n=0

3

2
LS

<CAt [||0"“|| +lOLI2 + 1P =+ NlesP]. (4.47)

3
(=]

Now, combining Eqs (4.46) and (4.47) with Eq (4.45), we arrive at

N-1
n+3 n+d 7
163117 + IV |I> <CAt E 2 — w27 + At § A5 1P + 161 (4.48)

n=0

The discrete Gronwall’s inequality leads to

llws — wé(u)||1°°(L2) + lys — Y6(u)||1°°(Hl) < Cllus — M||12(L2(Q))- (4.49)

Next, we develop the inequality for 6, and 6,. Subtracting Eqs (4.10) and (4.11) from Eqs (4.34)
and (4.35), we get

)= L(Qnﬂ —o . (4.50)

p

(0
A—tw;“ 0.,v) + (Vo )+ (@O P = g G ) ) = (6. (4.51)
Choosing v = —6’Z+% as the test function in Eq (4.51), we have
1 1 1
—|0"|]F = — 9”” 2 V9"+2 V9"+2
2At|| & 101 = (V6,7 )
=(¢/ (yh“)p”“ SO @)p ). 6 - (67,6, (4.52)
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Substituting Eq (4.50) into Eq (4.52), we know

1
S 16517 =165 1 + VI~ 1ver I

l’l+2

AR VAR AR O AR (O AR B AR AR (4.53)
By calculation, the following formula holds:
AR AR AR O VAR ONAR
=(¢' (y,,”)p”“ SOy 6
@O @R -0 i w, 67, (4.54)
Multiplying both sides of Eq (4.53) by 2At¢, then summing it over n from M to N — 1, it leads to

n+

n+2 n+2

N-1
17 + IVeIP = 280 > | @0y = #65 ap), 67
n=M

SO @ - F O @)p W), 67 - (67,6
3
éZHi, (4.55)

i=1

Here, the estimates of I1;, I1,, I15 are similar to those of Y, T», Y3, and we have

I, < Atz 160" = ¢ 05 loallpy ol
n=M
N-1
< CAr Y (IVE 2 + V6P + 1051,
n=M
N-1
n+t n+l n+t n+ 1
My < 28t > 116/Giy Z @llollpy @) = pp 16,
n=M
N-1
< CAL Y (I3IP + 11651,
n=M
N-1
M < Ar ) (VO + 1E1P).
n=M
Finally, inserting the above estimates of I1;—II; into Eq (4.55), we get
N-1 N-1
012 + VY1 < CAL Y IVE + CAr Y (6P + 031P). (4.56)

n=M n=M

Thus, combine the Poincaré inequality and the discrete Gronwall’s inequality, such that

llgs — C]&(”)le@z) +lps — pé(”)”l‘”(Hl) < Cllys - )’6(14)||1°°(H1)- 4.57)
Eqgs (4.38) and (4.57) follows Eq (4.39), which also completes the proof of Lemma 4.2. O
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Next, so as to estimate the error of the control discretization, we choose a local solution # of the
continuous problem (3.6)—(3.8), and an associated approximate solution us of the discrete problem
(4.1)—(4.4). We introduce the following auxiliary problem:

min J(u "), (4.58)

n+
u, EU‘
n

n 1 o, . .
where U, (i) = {u;:z € Uy, : |lus — || < ¢}. In addition, since J;’ satisfies Lemma 4.1 for i € U, (1), v €
U4, the existence and uniqueness of the problem (4.58) are guaranteed; see [28].
From the definitions of the local solution (4.6) and U;, we can get

n+2

Ts(@*?) = min i, ) for - < (4.59)

u eU‘ (i)
Utilizing (4.58) and (4.59), we can deduce that ﬁZJr% € U, is the unique solution of the problem
(4.58).
Lemma 4.3. Let it be a local solution of the problem (3.4) and the SSC (3.23) is valid. Then, the
discrete problem (4.58) has a unique solution uh *, and the following estimate holds:
for ¢ > 0,h > 0 sufficiently small.

Proof. From Lemma 4.1, it is clear to infer that

44 K L /=

(us)(v,v) > Z||v||,22(L2(Q)), for Vus € Uj (i) and v € Ug.
By the FNC (4.13), we can get

ro=ntiyoon+d _n+y <0
Js@2) @™ —u, *) <0,

55(uh+2)( T I,@"*?) < 0.

1
for h sufficiently small. Utilizing v*2 = 0@"*> + (1 — )i, * with 6 € [0, 1], we get

K

~ = 112
Z”u - u§||[2 (L2(Q)

1 1
<T; WD -5, z,a'“% =i, )

-n

Ty @ - - %(mxam%_uh*%)

N-1
n+i n+d a4l _n+l
—Atz (au”+2 + B ph 2(u) 7 2)—(cm >+ B'p, >, u": —n, 2)]
=0
N-1 1
1 1
<At [(B (Ph+2(u) Pn+2) 7T - ”h 2) + (CYM”+2 I,a™? —a""?)
n=0
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n+i
+ (B*pn+%’1—[hun+% _ ﬁn+%) + (B*(pn+% _ ph+2(ﬁ))’ ﬁn+% _ Hhﬁn+%)

* n+% — n+% —n+i —n+i
+(B (ph (l/l)—ph )’u 2 _Hhu 2)

2 isi- (4.61)
=1

To start, using the Cauchy-Schwarz inequality, we obtain

=\112 - = 112
Sl < C”P - Pé(”)”,z(Lz) + E”M - M(S”[Z(LZ(Q))-

For the S, and S, by the definition of the operator IT,, we have

S, =0,
and
N-1
1 1 . .
Ss = Z Ae(B*(p""> = Ip"2 I — d"*2)
n=0

SChz(”p”lzZ(o’T;Hl(Q)) + ”L_t”[ZZ(O’T;HI(Q)))-
Then, for the S, and S5, from Lemma 4.2 and the Cauchy inequality, it yields

—\112 211112
84 < C”p - pﬁ(u)”ﬂ(LZ) +Ch ”M”lz(o,T;HI(Q))’

— 211=112
Ss <ellii - + CHjal

- 112
uéll[Z(LZ(Q)) (0,T;:H!(Q))"

Substituting S;—S; into Eq (4.61), we obtain
_ 2
”M - u6||12(0,T;L2(Q))
=\112 211112 2
SC”P - p(i(u)”lZ(LZ) + Ch (”u”lZ(O,T;HI(Q)) + ||P||12(0’T;H1(Q)))-

This completes the proof of Lemma 4.3. O

4.2. Error analysis

In this subsection, we will establish the error caused by the discretization of the Crank-Nicolson
FEM scheme. To do this, we define the error function as

€, = W(ty) — wy(u), €5 = y(t,) = y(u), €5 = q(t,) — q, (), €, = p(t,) — p,(u),
and introduce the following truncation errors:

W(tpe1) + (1) _

To = wltnn) = w(tn) = Aty ), o = ———5—— —@l,),
Ty = Y(tus1) = y(t) = Atyi(t,41), 71y = w =Yt 1),

Tq = qtaer) = q(tn) = Atqi(t,,1), 14 = w —q(,.1),
Tp = pltns1) = p(ta) = Atp(t, 1), 1p = M — (1)

For these definitions, we first present the following estimates of the truncation error.
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Lemma 4.4. The following estimates hold:

T+l

Tn+1
ITull? < C(Ar) lwallPds, lnull® < C(At)3f llwllPds,
In

In

ot In+1
175117 < C(Af)sf Iyl Pds, 1yl < C(Al)3f Iyall*ds,
In Iy
fnt1 Tn+1
IT4I” < C(Al)sf IgelPds, gl < C(Al)3f lgullPds,
n In
ot 1 Tn+1
17,117 < C(Af)sf IpwllPds, ml° < C(Af)3f Ipall*ds.
[ In

Lemma 4.5. Let (w,y,u,q, p) and (ws(u), ys(u), gs(u), ps(u)) be the solutions of Eqs (3.6)—(3.7) and
Egs (4.31)—(4.36), respectively. Assume that w, q € L*(H*)\H'(H?), wy, g, € L*(H"), y, € L*(L*)N
L2(Hl) N LZ(HZ)’ Pu € Lz(Lz) N LZ(HZ)’ Wit Gur € Lz(Lz), Yurs P € LZ(HI), yo(x), g(x) € H2(Q)-
Then, we have

llws(w) — wlli=r2y + lys@) = Yllocary < C((Af)2 + h), (4.62)
ligs(w) = glli=zy + Ips() = pllisny < C(AD + h). (4.63)

Proof. From Eq (3.7), the exact solution (w, y) satisfies

1 n+l) — n
E(w(tnﬂ) + wW(ty), vp) = (W, Vi) — ( Vi) + (1w Vi), (4.64)
t
(w(tn+l)A_ a)(tn)’ Vh) + (VY(an) + y(tn), VVh) + (¢(y(tn+l)), Vh)
t 2 2
1
= (f(tn+%) + Bu(tn+%), Vi) + Kt(Tw’ vi) + (Vny, V). (4.65)

From relations Eqs (4.64) and (4.65) and Eqs (4.31) and (4.32), it holds that

I’H—Z

1 1
€y s Vh E(e;-H - el’f’ Vh) - _(T » Vh) + (nw’ Vh), (466)
(e — e, vy) + At(Vey : L Vo) = A0, 2(M)) B0 ), V) + (T i) + At(Vny, V). (4.67)

1
Taking the discrete inner product of Eq (4.67) with v, = R,w(?,, 1) wZ+2(u) = Ryw(t, +%) - w(t, %) +

1
w(t, +1) wh+2(u) Ruw(t,, 1 ) —w(t,, 1 ) + ez,+2 and rearranging the terms, we have

1 n 1 n n+t n+i
Ellew“ll2 - Ellewll2 + (Vey 2, Ve, *)At
=(el" = €l (t,,1) = Ruw(t,, 1)) + (Ve;erf,V(w(tM%) — Ruw(1,,,1)))At

F@OL W) = 90", Rulte1) — ) ()AT
+ (T Ryt 1) = W) 1)) + (V). VRt 1) — W )AL, (4.68)
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Meanwhile, choosing v, = ey+2 in Eq (4.66), we obtain

n+

2 ot 1 nal n n+2 n N+l n+i
At(e,, )=(ey —ey,e, ?)— (T, e, *) + At(y, ey *). (4.69)

Through Egs (4.68) and (4.69), and summing from n = 0 up to N—1, we have that

N2 N2 0112 0112
[lleN 12 + VeI = llel I = 1Vedll|

= N =

-1
= [(ejffl — €l (1, 1) = Ruw(t,, 1)) + (Vey 2, V(w(t,, 1) = Ruw(t,, )AL

n

Il
(=)

(@O W) - POt 1), Rnw (1) — w, 2(u>)At+(Tw,Rhw<rn+.> W W)
— At(Any, Ry (t,,1) = @, 2(u)))+(VT,Ve}+2) At(Vnw,Vey+2)

= 27: 0. (4.70)

i=1

By utilizing Young’s and Holder inequalities, we have

N-1
O =Ar ) (dw"" = Rydw"!, w(t,,1) = Rt 1))
n=0
<Ch4(||(1)||L2(H2) + ”w”i]l(HZ))a
N-1
®, <C Z AV |2 + Ch )
n=0

03 < t(lle”” 112+ llet, 1) + Chillll;

MZ

L2(H%)"
n=0

For ®,—0-, by definition of the truncation error and Lemma 4.4, it can be obtained that

1 N-1 N-1 el
< DTUlP + 80 ) IRt ) = @)l
n=0 n=0

N-1
<COD Nl gz, + CHNIR ey + C Y Allel|P
n=0
N-1 '
n+s
05 < Z Atl|Any[IIRpw (1) — w), W)l
n=0
N-1
<CAN lyulPagy + € > Al 1P + Chlwly
n=0
N-1
0 <C(AD* ”yttt”Lz(Hl + CZ Ad|VerHP,
n=0
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N-1
®; <C(An* IIwnlle(Hl + CZ AV P,
n=0
Substituting ®,-0; into Eq (4.70), we get
N-1
—|I€N|| + IIVeNII _2||e I” + IIVeOII + CZAI(IIVe"”II + llel 1)
n=0
+ CH (Nl ey + 101B1 ) + CHIWIE 4,

+ CAN a2, + il By + NPy + 1ilage):
Note that
Lo, Lioop_ 1 2 1 2
Ellewll + EIIVeyII = Ellg(X) - RugII” + EIIV(Yo(X) = Riyo ()l
< ChYlg)ll + CR2 o)l
Then, the discrete Gronwall’s inequality implies that
llws(e) — wlli 2y + lys@) = Yl < CCh+ (AD?).

Furthermore, from Eq (3.7), we can find that the exact solution (p, g) satisfies

(tn+ )+ (tn) (tn+ )_ (tn) 1
(Lo ) = (BB ) (M) + (),
W20 )y P PO 93 4 (4001t 10, )
n+ n 1
= QD) 00 = ) + (T ) = ()

From relations Eqs (4.72) and (4.73) and Eqs (4.34) and (4.35), we have

n+3 1 n n 1
(eq *,vn) = Kt(e”H — €y Vn) — E(Tpa vi) + (1g, Vi),
1 n 1 )y, N 1 n i ’
0 = ) + (Ve V) = @0y @)py () = ¢ (6 Py, V)

et 1
+ (ey+2, Vi) + E(Tq’ Vi) = (Anpy, vi) — (17y, Vi).
Choosing v, = _(th(t'”%) - qZJr%(”)) = Q(tn+%) - th(tn+%) - e;+% in Eq (4.75), we have

1 ek el
§<||e"||2 — |l 1P = At(Ve,, 2, Ve, %)

=(ej - €;", q(t,,1) = Ruq(1,,1)) + Au(Ve), :  V(q(t,e1) = Rug(t,. 1))
+ A O )P )~ o Ot )P(1,01), 4, ) - R
— Ty, Rt = G, () + MDA, Rt 1) = 4y ()

4.71)

(4.72)

(4.73)

(4.74)

(4.75)
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n n L
+ AL, Rig(ty,) — g @) + Al g () = Ragqt,. ).

1
Meanwhile, letting v, = —e;’:z in Eq (4.74), we get

n+2

n+2 nal +3 +1 n+l
s )— (6 _epaep )+( )_At(nq,ep )

Combining Eqs (4.76) and (4.77), then summing from n = M to N — 1, it can conclude that

—At(e,

Sl + S
N 1 .
o n+i
= D | = e ) = Rualt,) + ATE ™ Valt,.0) = R )
n=M

+AHPY () 2(u))ph”(u) ¢ O )P, 1), q, 2(u) Ruq(t,41))
— (Tg, Ruq(t,,1) = qh 2(u)) + Ar(An,, Ruq(t,,1) = qh 2(u)))
—(VT,, Ve, 2) + AK(Vn,, Ve, 2) + Ay, Ruq (1) = qh+2(u))

> qh * (u) — ﬂhQ(tn+% )

n+2

+ At(ey

9
>y,

i=1

>

By the properties of L? projection, we have

N-1

Y = Z Adig" = Ridig"s 4ty y) = Ruq(t,,1))

<Ch4(||q||Lz(Hz +11gl 1))
N-1

Yy <C )" MIVELP + CRIgIE

n=M

A standard algebraic manipulation implies that
n+d n+l ,
¢ O 2 @)py 2 @) = ¢ 31, ))pE,0)
TS TS s (tar1) + p(t,)
=40l )P, ) — ¢/ P

L H0 h+2 W) (p(tn+1)2+ p(tn)) _ (y(tn2+1)2+ y(tn))p(tn+1)2+ p(tn)
i (y(tn+1)2+ y(tn))p(tn+1)2+ p(ty) & (y(tn+1)2+ y(tn))p (te1)
T A A R G ) )
For the bound of Y3, it holds
Ys sCNZ_]:;At(IIeZII2 +llegl?) + CAD* ull Tz ggr, + 1Pall7.2)

(4.76)

(4.77)

(4.78)
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n+i n+i .
Then, for Y4—Y,, noting that R,q(z, +%) - qh+2(u) = Ruq(t, +%) - q(t, +%) + eq+2 and applying Lemma
4.4, we have

1 N-1 N-1 el
Y sy ZM TGP + At > 1RG(e1) = g, @)

" N-1
<CAN Ngunllazy + CHNGI gy + € Y AdllEI,
n=M
N-1 1
Ys <> MR, ) - g, @)l
" N-1
<CADIPulll gy + C > Al + Ch I, 4,
"
Y5 <CAN Ipullsgp, + C Y AV,
vl
Y5 <CANHGull} gy + C D AV,
ot
Y5 <CAN yulltsyay + C ) Al + Chlgl e,
Yo <Clly = 3o g, + C >~ Atlletl? + Chlgl e
n=M

Collecting the above bounds and using the discrete Gronwall’s inequality, we deduce that

195(20) = gl iz, + 1250) = Pl
<CA* Upallagz, + 1Pal oy + Wil + Iilagizy + 1l
+CAD Ugulaz, + 1Pl o) + CHA g1 e, + 1l )
+CRlgl m, + Clly = Yo g - (4.79)
The proof of Eq (4.63) can be completed by combining Eq (4.79) with Eq (4.62). O
Above all, the error of the Crank-Nicolson scheme (4.7)—(4.13) is given by the following theorem.

Theorem 4.2. Let (w, Yy, it, q, p) and (ws, ys, ils, 45, ps) be the local solutions of Egs (3.6)—(3.8) and Egs
(4.7)—(4.13), respectively. Moreover, we assume that all conditions in Lemmas 4.2—4.5 are valid. Then,
we have

llw — wslliw 2y + |1y = Ysllio )

+llg = gsllic2y + lp = Dol
- 2

+ |lit = #sllp2q)) < C(h + (A1)7).
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5. Numerical experiments

In this section, we provide a numerical example to verify the theoretical results, which will consider
the following nonlinear SOHOCPs:

1 1
min —f f(y —yd)zdx + f u’dx,
2o Ja Q

st yu—Ay+y' = f+u
We adopt the same mesh triangular partition for the state and control. Furthermore, we choose

Q=0,H)x©O,1), T=1, u,=-1, u, =5,
ya = (€' + 2 + 21%(t — T)*) sin 7x; sinwx, + 3e* (¢ — T)*(sin 7x; sin 7x,)°,
f =+ 21 sinmx, sinmx, + € (sin x; sin7x,)°

— max{u,, min{uy, (t — T)? sin 7x; sinwx,}}.
such that the exact (y, u, p) is

y = €' sinrx; sin x,,

max{u,, min{up, (t — T)* sinzx; sin 7x,}},

p=—(t—- T)? sin 7wx; sin 7x,.

We show the convergence results of the Crank-Nicolson scheme in Table 1. The profile of the exact
(v, p, u) is drawn in Figure 1. The simulated results for the second-order scheme is presented in Figure
2.

Table 1. Numerical results of the Crank-Nicolson scheme (h = Af).

At ly — ysll=@1) Rate lp — pslli=n @)y Rate lle — usllp2)) Rate
1/2  1.7731332397 0.6737539940 0.0349163048

1/4  0.4450851439 1.9941 0.1680451731  2.0033 0.0056814014 2.6195
1/8 0.1111334138 2.0017 0.0414201514  2.0204 0.0013428612 2.0809
1/16  0.0277721376  2.0005 0.0103092780  2.0063 0.0003323956 2.0143
1/32  0.0069422975 2.0001 0.0025741990  2.0017 0.0000831732 1.9987

the profile of the exact state solution y at t=0.5 the profile of the exact adjoin solution p at t=0.5 the profile of the exact control solution u at t=0.5

Figure 1. The exact (y, p, u) with t = 0.5.
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the profile of the approximate state solution y at t=0.5 the profile of the approximate adjoin solution p at t=0.5 the profile of the approximate control solution u at t=0.53125

Figure 2. The approximate (y;s, ps, us) computed by the Crank-Nicolson scheme at t = 0.5.

From Table 1, it implies that the numerical results are consistent with the theoretical results. From
Figure 1 and Figure 2, we can see the Crank-Nicolson scheme is efficient.

6. Conclusion

This paper presents a second-order fully discrete scheme for nonlinear SOHOCPs and, in
conjunction with auxiliary problems, derives a priori error estimates. Furthermore, a numerical
experiment is conducted to confirm the convergence order of the theoretical results.

In [31], Li et al. established a mixed-form discrete scheme for the nonlinear stochastic wave
equations (SWEs) with multiplicative noise by defining a new variable. In [32], Sonawane et al.
studied the existence of an optimal control problem for the bilinear SWEs. In the future, we plan to
consider the method based on the definition of the new variable mentioned in this paper and in [31].
We will apply this method to the optimization system described in [32] and further conduct an error
analysis of the resulting discrete scheme.
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